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Platonic Gaussian beams: wave and ray treatment
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A class of self-similar beams, the Platonic Gaussian beams,
is introduced by using the vertices of the Platonic solids in
a Majorana representation. Different orientations of the
solids correspond to beams with different profiles connected
through astigmatic transformations. The rotational sym-
metries of the Platonic solids translate into invariance to
specific optical transformations. While these beams can
be considered as “the least ray-like” for their given total
order, a ray-based description still offers insight into their
distribution and their transformation properties. © 2020
Optical Society of America under the terms of the OSA Open Access
Publishing Agreement
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Structured Gaussian (SG) beams are monochromatic paraxial
beams that preserve their transverse intensity profile under
propagation up to a uniform scaling. At their waist plane, they
can be expressed as a Gaussian multiplied by an appropriate
polynomial of the transverse coordinates. They include the
Laguerre-Gaussian (LG) and Hermite—Gaussian (HG) beams
[1] (separable in polar and Cartesian coordinates, respectively)
used in many applications [2-5]. A subclass of SG beams that
includes both LG and HG beams are the so-called generalized
Hermite-LG (HLG) beams [6-8], which can be generated
from either HG or LG beams through what is known as astig-
matic transformations, implementable with combinations of
cylindrical lenses [9-11] or spatial light modulators mimicking
them [12-14]. A HLG beam can be represented as a point on
the surface of a modal Poincaré sphere [15—17], for which the
two poles correspond to LG beams with opposite orbital angular
momenta, and equatorial points correspond to HG beams with
different orientations. This sphere representation highlights the
group properties of HLG beams under astigmatic transforma-
tions (which correspond to rotations of the sphere) and the fact
that they accumulate geometric phases under sequences of these
transformations [13,16,18,19].

SG beams that are not HLG beams cannot be represented as
one point on the sphere. By using Majorana’s representation for
spin systems [14,20], SG beams can instead be represented by a
collection of N points (called “stars”) over the sphere, referred
to as the Majorana constellation (MC), where V is the order of
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the polynomial that multiplies the Gaussian. Majorana’s repre-
sentation can be applied to SG beams due to their mathematical
analogy with spin systems [14,16,21-24]. The MC provides
information as to whether a beam is invariant under specific
astigmatic transformations through its rotational symmetries.
Moreover, these symmetries give way to (continuous or quan-
tized) geometric phases that can be determined solely from the
MC [14]. HLG beams are the special cases for which all stars
either coincide or are split between one point and its antipode.

For quantum systems, the problem of finding the most sym-
metric distribution of /V points on the sphere has been linked
to the search for the “most quantum” (and most entangled) or
“least classical” states [25-28]. The solutions depend on the cost
function used to quantify symmetry (c.f. [25-30]), but five con-
figurations are always present: the vertices of the Platonic solids
(Fig. 1) which also play a role in quantum metrology [31,32] and
polarization reconstruction [33,34]. In this Letter, we consider
the beams resulting from using these five MC distributions, and
show that their rotational symmetries lead to beams that are
invariant under several astigmatic transformations. In analogy
with spin systems, these beams can be considered as the “least
ray-like” beams for a given order /V. However, we show that the
ray model still provides insights into their spatial distribution
and their changes under astigmatic transformations.

SG beams are mathematically analogous to eigenstates of spin
systems [16,22-24,35-37] and can thus be studied through
the same operator formalism. However, for the purposes of the
current work, it is sufficient to highlight the role of the fields that
are analogous to the coherent states for quantum systems [38].
These “coherent state” beams correspond to the extremal HLG
beams for which all stars coincide at a point with colatitude
0 and longitude ¢ over the sphere. They can be represented
by a simple expression in terms of an /N th-order Hermite
polynomial, Hy, evaluated ata complex value [7,8,39,40]:
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where w is the width of the fundamental Gaussian, and v is a
Jones vector (borrowing the term from polarization), connected
toapoint (6, ¢) over the sphere according to

Un(r; vj) =
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Fig. 1. MC and transverse field with phase encoded as hue for the
PG beams. From left to right: tetrahedron (four vertices), octahedron
(six vertices), cube (eight vertices), icosahedron (12 vertices), and
dodecahedron (20 vertices). Each row shows a different orientation;
from top to bottom: vertex, edge, and face upward.

with €+ = (X +iy)/2'/? and x controlling the global phase.
Let us represent the coherent states by the ket | V; v). The Q (or
Husimi) function for a generic SG beam |U) is then defined as

Q0. =", @
T

where the inner product corresponds to integration over the
waist plane. The Q function is a non-negative function over
the sphere that is uniquely determined by its IV zeros, which
correspond precisely to the MC. Astigmatic transformations
cause a rotation of the Q function and hence of the MC [14,20].
Note that the order NV of the SG beam must be the same as that
for the coherent states; otherwise /V is identically zero. A general
Nth-order SG beam |U) can be expressed as a superposition of,
e.g., LG beams of order N according to |U) =", c¢| N, £),
where |V, £) represents a LG beam with vorticity £.

The vertices of the five Platonic solids can be used as MCs
to define the Platonic Gaussian (PG) beams. Figure 1 shows
these beams for several orientations of the MC, and Fig. 2 shows
that the MC coincides with the zeros of the Q function. Note
that each of these MCs defines a family of beams since different
orientations correspond to different beam shapes. In particular,
given the expansion coefficients for the PG beams in terms of
LG beams for a given orientation (e.g., those in Table S1 of
Supplement 1), those for any other orientation can be obtained
(as discussed in [14] and Supplement 1). Due to their uniformly
distributed MC, PG beams carry no net orbital angular momen-
tum, even though they often display phase vortices depending
on the orientation of the MC, as can be seen in Fig. 1.

The rotational symmetries of the MC indicate invariance
against specific astigmatic transformations. Symmetries of
the MC around the vertical axis (8 =0 or ) correspond to
rotational symmetries of the transverse field distribution, while
symmetries along other directions are not obvious from the
beam’s cross section, as illustrated in Fig. 1 where the MCs
are oriented to show different rotational symmetries along the
vertical. The PG beams have the most axes of symmetry for

Fig. 2.
orientation of the MC in the top row of Fig. 1.

Q function, MC, and DC for the five PG beams given the

their corresponding order. This does not necessarily mean that
they have the most symmetries; HLG beams have a continuous
symmetry around a single axis. Notice that, by rotating the MC
with combinations of cylindrical lenses, the beam profiles can
change from, say, six-fold to four-fold rotational symmetry
(in the same way as a HG beam can be transformed into a LG
beam by similar means [9,10]). Note also that the five Platonic
solids can be classified into three categories determined by their
symmetry group. The pairs of solids belonging to each group are
said to be dual to each other: each has the same number of faces
as the other has vertices [41].

The ray model provides insight into the structure of optical
beams [13,17,40,42]. Typically, a beam is associated with a two-
parameter family of rays. For SG beams, this association can
be represented as a path over a ray Poincaré sphere, where each
point of the sphere corresponds to a one-parameter elliptic ray
family generating a ruled hyperboloid upon propagation [40].
At the waist plane, the transverse positions Q and transverse
direction cosine vectors P of all the rays in this family describe
ellipses that can be written in terms of the Jones vector as

1 £ .
—Q+i7wP=\/N+ Tve ", )
w

where £ is the wavenumber and 7 € [0, 27] is the parameter
labeling each ray. The coherentstates in Eq. (1) are the fields that
most resemble these elliptic ray families, since their intensity
profiles outline ellipses [14,40]. A ray-based field estimate then
results from dressing the elliptic ray families with the corre-
sponding coherent states while taking into account their phase
relation provided by the differences in optical path length. This
approach is well suited for beams whose Q functions show a
clear ridge that mimics the ray-based path [40]. This is the case
for HLG beams, where the path is a circle and this construction
gives the exact field [8,24,40].

As shown in Fig. 2, the Q functions of the PG beams do not
form a ridge along a single path; instead, they present isolated
maxima distributed uniformly over the sphere at locations
corresponding to the centers of the facets of the solid, and there-
fore to the vertices of the dual solid. These points are referred
to here as the dual constellation (DC). PG beams are then the
least “ray-like” in the sense that, for a given order &V, they are
the furthest from having a Q function with maxima following a
single path over the sphere, and hence of being associated with a
two-parameter ray family [25-28]. However, a useful ray picture
for PG beams results from associating them with a discrete set
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Fig. 3.
DC for a tetrahedron PG beam and the transverse intensity for the
five PG beams given the MC orientation in the top row of Fig. 1, with
the elliptic ray families superimposed, with phase encoded as hue.
Visualization 1 shows this construction for varying MC orientations.

Propagation of the elliptic ray families associated with the

of one-parameter elliptic ray families, each corresponding to a
point of the DC. These ray families are shown in Fig. 3 for the
five PG beams with the MC orientations used in Fig. 2, and
Visualization 1 shows the variation of the beams and the elliptic
ray families for varying orientations of the MCs. It can be seen
that the shape outlined by the ray ellipses provides a general idea
of the intensity distribution of the corresponding beam.

We now show that ray-based estimates in which each ray
family is dressed with a coherent state can also be applied to PG
beams. The expression takes the form of a discrete sum:

nd
Upc () o Y Un(x; v)), (5)

j=1

where each Jones vector v; corresponds to a DC point. The
global phases — /2 of each Jones vector must be chosen to
ensure the self-consistency of this construction. A criterion
for assigning these phases emerges from noticing that the
overlap between two coherent states gives simply the Nth
power of the inner product of their Jones vectors, namely,
(N; vi|N; v2) = (v - v2)". We can then choose each Xj so
that this inner product depends only on the relative position of
the corresponding two points within the DC. This is achieved
by ensuring that, for any pair of first neighbors, (v} 'v]-)N
is real and positive. If all the corners of a facet, x; are chosen
sequentially so that v} - v; is real and positive, the phase of the
corresponding inner product for the first and last points then
equals the accumulated geometric phase [18] given by one half
of the solid angle occupied by this facet, namely, 2w/ N (since
the number of facets of the DC equals the number of stars in the
MC). When raised to the power N, this inner product yields a
real and positive number, ensuring the self-consistency of the
procedure, which is then extended by moving onto other facets.
The resulting sets of Jones vectors for a particular orientation
the five Platonic solids are given in Supplement 1. Other ori-
entations of the solids can be found through rotations of the
sphere, achieved by multiplying all v; by a unitary 2 x 2 matrix
(in analogy with the effect of waveplates for polarization [43]):
fora rotation by an angle @ around an axis defined by (6, ¢), the
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Fig. 4. Higher-order PG beams: (top) Q function, (middle) MC
and DC, and (bottom) intensity with elliptic ray families superposed,
for (left to right) octahedron with three stars per vertex, cuboctahe-
dron, and spherical projection of the rhombic dodecahedron (the last
two being duals).

matrix takes the form J = ;’1\_;{64“/ 24 \_'zf'zei"‘/ 2. where the
eigenvectors of this matrix, vy ,, are given by Eq. (2) evaluated
at (0, ¢) and (r — 0, 7 + @), respectively. In the ray picture,
these rotations are performed by 4 x 4 symplectic matrices
acting on the four-vector (Q, P) [14,19].

The self-consistency of this construction can be given a
ray-based interpretation. Going around an elliptic ray fam-
ily over the waist plane, given their skewness, an optical path
length is accumulated, which we choose as equal to N+1
wavelengths. The “phase” assigned to each ray is given by its
optical path length times the wavenumber, plus a semiclassical
correction of —t [40]. This phase is represented in Fig. 3 by
the color variations along the ellipses. Note that, in general, the
crossings between ellipses where the phases are similar tend to
be near intensity maxima, while out-of-phase crossings tend to
be near minima (although the extension of the coherent states
beyond the ellipses causes interference with nearby ellipses
when N is small or the density of crossings is high). As shown in
Supplement 1, the locations of these crossings can be obtained
via a discrete version of the construction in [40].

Let us now discuss possible extensions to higher orders.
Grouping the Platonic solids by their symmetry structure sug-
gests that the cube and dodecahedron can be considered as
higher-order PG beams since they have the same symmetries
as the octahedron and icosahedron, respectively, although they
involve more stars (i.e., higher V). Higher-order PG beams
can also be achieved through MCs that belong to the same
symmetry group as the Platonic solids but that involve more
stars, say, by simply having multiple stars at each location or by
considering the vertices of other solids with the same symmetry
structure (e.g., the Archimedean and Catalan solids). Examples
of these two types of higher-order PG beams are shown in Fig. 4.
Of course, these higher-order beams are not necessarily the most
symmetric for the corresponding total order V.

A DC can be assigned to these higher-order MCs by using the
Q function’s maxima, which generally correspond to the dual
solid’s vertices. The elliptic ray families associated with the DC
can still be used to obtain a simple semiclassical estimate:

74
Ubc (1) o< Y (N: v;|Upa) Un (x: v,)). (6)

j=1
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Fig. 5.

Q function, MC, and field distribution for (left) tetrahedron
with three stars per vertex and (right) estimate provided by Eq. (6).

While this equation resembles an orthogonal basis expansion,
these coherent states do not form an orthogonal basis, and
the sum might involve more or fewer elements than N4 1,
the dimensionality of the Hilbert space. The coefficient
(N;v;|Upg) in Eq. (6) is a positive real number assigning
the appropriate weight to each of the coherent states. These
coefficients are all identical for the basic PG beams, but can take
different values for beams with a MC (DC) that is not face (ver-
tex) invariant, such as the cuboctahedron beam shown in Fig. 4.
The phase relation between the different coherent states is again
encoded in the choice of Jones vectors. Through a construction
similar to that used for the basic PG beams, the phases —x;/2
are chosen so that the phase difference incurred after a cyclic
path along neighbors connected by a ridge of the Q function
is equal to zero mod(27/ N). If the DC is face invariant, this
reduces to the condition that the Jones vector must chosen so
that (v - vj)N is real and positive. However, when the DC has
different facet shapes, an extra phase must be included to com-
pensate for the geometric phase difference incurred by traveling
along adjacent facets subtending different solid angles. Note
that for basic PG beams, Eq. (6) is exact and reduces to Eq. (5),
while for higher-order beams, it is generally not exact although it
provides accurate estimates with the same symmetry structure.
This slight discrepancy can be appreciated from the MC shown
inFig. 5 for a tetrahedron PG beam with three stars per vertex.

In conclusion, PG beams are defined by identifying the
vertices of the five Platonic solids with the MC. The many
symmetries of these solids translate into invariance of the beams
under several types of astigmatic transformations. While these
beams can be considered as the least ray-like for their order
N, ray optics still provides insight into their spatial structure.
Moreover, it is possible to obtain a wave estimate by using solely
information from the discrete ray structure associated with the
DC. Quantum states with highly symmetric MCs have found
useful applications in metrology [32], so it will be interesting to
investigate whether the analogous classical beams described here
have analogous metrology applications.
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